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|Vcb| and |Vub| Determinations from Inclusive Semileptonic B Decays
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The determinations of |Vcb| and |Vub| from inclusive semileptonic B decays are reviewed. A comparison of the
light-cone approach with the heavy quark expansion approach is made. The perspective for further improvement
of the |Vcb| and |Vub| determinations is discussed.
1. INTRODUCTION
|Vcb| and |Vub| are two of the fundamental con-
stants of the Standard Model. They need to
be determined by experimental measurements.
These can be done with leptonic, semileptonic,
or nonleptonic decays of B mesons. In this talk I
will discuss the determinations of |Vcb| and |Vub|
from inclusive semileptonic B decays. An observ-
able in these processes is schematically related to
|Vcb| or |Vub| in the form
observable = |Vc(u)b|
2 · T,
where T is a quantity derived from theory. The-
ory may also be involved in the experimental
analysis to obtain the observable. With the the-
oretical relationship between the observable and
|Vcb| or |Vub|, the measured quantity can be con-
verted into a value of |Vcb| or |Vub|. The main ob-
stacle in the theoretical description of the weak
decay processes is long-distance strong interac-
tion effects. There are two classes of observ-
ables: (1) routine observables, such as branching
fractions and lifetimes, and (2) theory-motivated
observables, such as the differential decay rate
dΓ/dw at zero recoil (w = 1) in the exclusive
semileptonic decay B → D∗lν for determining
|Vcb|. The latter is motivated from theory because
its relationship with |Vcb| or |Vub| is theoretically
clean and model-independent in some sense.
2. THEORY OF INCLUSIVE SEMILEP-
TONIC B DECAYS
Strong interaction effects on inclusive semilep-
tonic B decays are contained in the hadronic ten-
sor
Wµν = −
1
2π
∫
d4yeiq·y〈B
∣∣[jµ(y), j†ν(0)]∣∣B〉
= −gµνW1 +
PµPν
M2B
W2 − iεµναβ
Pαqβ
M2B
W3
+
qµqν
M2B
W4 +
Pµqν + qµPν
M2B
W5. (1)
where the charged current jµ(y) = q¯(y)γµ(1 −
γ5)b(y) with q = c, u. P and q denote the mo-
menta of the B meson and the virtual W boson,
respectively. The central issue in the theory of in-
clusive semileptonic B decays is to compute the
structure functions W1−5, which are a priori in-
dependent. In the last several years, theoretical
tools have been developed to address the issue.
2.1. Light-cone (LC) approach
The starting point of the LC approach [1,2,3,
4,5] to inclusive B decays is the light-cone expan-
sion. Since the B meson is heavy, MB ≫ ΛQCD,
light-cone separations between the currents dom-
inate the decay dynamics. In analog to the analy-
sis of deep inelastic scattering, the light-cone ex-
pansion of the matrix element in the neighbor-
hood of the light-cone, y2 = 0, provides a sys-
tematic way of calculating nonperturbative QCD
effects:
〈B|[jµ(y), jν†(0)]|B〉 =
∑
n
Cµνn (y, P )(y
2)n. (2)
At leading twist, the structure functions are
related to a single universal distribution function:
W1 = 2[f(ξ+) + f(ξ−)] , (3)
2W2 =
8
ξ+ − ξ−
[ξ+f(ξ+)− ξ−f(ξ−)] , (4)
W3 = −
4
ξ+ − ξ−
[f(ξ+)− f(ξ−)] , (5)
W4 = 0 , (6)
W5 = W3 , (7)
where ξ± = (q
0 ±
√
|~q|2 +m2q)/MB. The distri-
bution function is defined as
f(ξ) =
1
4π
∫
d(y · P )
y · P
eiξy·P
×〈B|b¯(0)y · γU(0, y)b(y)|B〉|y2=0. (8)
It gives the probability of finding a b-quark with
momentum ξP inside the B meson with momen-
tum P [6,7].
The leading nonperturbative QCD effect is en-
coded in the distribution function. What is
known about the distribution function? First,
the normalization of it is exactly known to be∫ 1
0
dξf(ξ) = 1, because of the b-quark number
conservation in strong interactions. Second, the
gross shape of it is determined. In the free quark
limit, f(ξ) = δ(ξ−mb/MB). The mean value and
variance of the distribution function have been
calculated using the heavy quark effective theory.
Consequently, the distribution function is known
to be sharply peaked around mb/MB with a nar-
row width of order ΛQCD/MB.
2.2. Comparison with the heavy quark ex-
pansion (HQE) approach
Another approach to inclusive B decays is the
heavy quark expansion approach [8,9,10,11,12,13,
14,15]. The starting point of the HQE approach
is the local operator product expansion. It ex-
ploits the large b-quark mass to perform a local
operator product expansion (y → 0) of the time-
ordered product of currents:
T [jµ(y), jν†(0)] =
∑
d
Cµνd (y)Od(0). (9)
The starting point of the HQE approach is dif-
ferent from that of the LC approach. The HQE
approach is based on a short-distance (y → 0)
expansion in local operators of increasing dimen-
sion, while the LC approach is based on a non-
local light-cone (y2 → 0) expansion in matrix el-
ements of increasing twist. The light-cone expan-
sion includes not only local contributions (y = 0),
but also non-local contributions (y 6= 0). Thus,
the LC approach contains more dynamic effects.
In addition, the HQE approach assumes quark-
hadron duality and has to use the quark phase
space, while the LC approach does not rely
on quark-hadron duality and uses the physical
hadron phase space. The singularities appear at
the endpoints of the lepton energy spectra in both
B → Xulν and B → Xclν calculated in the HQE
approach, implying the breakdown of the oper-
ator product expansion near the boundaries of
phase space. There are no endpoint singularities
in the lepton energy spectra calculated in the LC
approach.
The partial resummation of the heavy quark
expansion introduces a different distribution
function (“shape function”) [11,14,15]. It should
be noted that the correction to the leading con-
tribution given in terms of the shape function in
the HQE approach is of order ΛQCD/mb, while
the correction to the leading contribution given
in terms of the distribution function in the LC
approach is of order (ΛQCD/MB)
2.
2.3. A manifestation of quark-hadron du-
ality violation
The physical phase space at the hadron level is
larger than the phase space at the quark level.
Therefore, calculations assuming quark-hadron
duality cannot account for the rate due to the ex-
tension of phase space from the quark level to the
hadron level. This rate missing is a clear mani-
festation of the violation of quark-hadron duality.
This is the case for the HQE approach.
Since the LC approach does not rely on quark-
hadron duality and uses the hadron phase space,
a comparison of the decay rates calculated in
the LC and HQE approaches can quantitatively
demonstrate how large duality is violated. It has
been found that the total rate for the inclusive
semileptonic decay B → Xclν (B → Xulν) cal-
culated in the LC approach is about 14% (12%)
larger than the HQE approach [2,16]. The non-
perturbative QCD correction changes sign: It in-
creases the total rate in the LC approach, while
3it decreases the total rate in the HQE approach.
Therefore, there is significant duality violation in
the HQE approach. In particular, it cannot in-
clude the phase space effect. From the measured
inclusive semileptonic branching fractions and the
lifetime of the B meson, the LC approach would
give rise to smaller values of |Vcb| and |Vub| than
the HQE approach, as I will discuss in more detail
below.
3. CONVENTIONAL METHODS
Conventionally, the routine observables, the
branching fractions and the lifetime of the B me-
son, have been used to determine |Vcb| and |Vub|
from inclusive semileptonic B decays. These ob-
servables are related to |Vcb| or |Vub| in the form
B(B → Xclν)
τB
= |Vcb|
2 · γc, (10)
B(B → Xulν)
τB
= |Vub|
2 · γu. (11)
Theory is needed to compute γc and γu. Be-
sides parametric uncertainties, additional uncer-
tainties in the theoretical calculations of γc and
γu stem from the assumption of quark-hadron du-
ality in the HQE approach and the detailed shape
of the distribution function, which is unknown at
present, in the LC approach.
The uncertainty due to the assumption of
quark-hadron duality is irreducible. The errors
usually quoted in the determinations of |Vcb| and
|Vub| from inclusive semileptonic B decays using
the HQE calculations should be interpreted with
caution. The significant uncertainty from the as-
sumption of quark-hadron duality has not been
included in the errors. In contrast, the uncer-
tainty due to the shape of the distribution func-
tion in the LC approach can be reduced. The
distribution function is universal: It incorporates
bound state effects in inclusive B decays, in-
cluding semileptonic [1,2,3,4], radiative [5], and
nonleptonic [17,18] inclusive B decays. Mea-
surements of decay distributions and moments in
these processes will impose constraints on the dis-
tribution function. Especially, the ξu spectrum
[ξu = (q
0+|~q|)/MB] in B → Xulν and the photon
energy spectrum in B → Xsγ are directly propor-
Table 1
Kinematic cuts for suppressing the B → Xclν
background.
Kinematic cut Fraction of events
El > (M
2
B −M
2
D)/(2MB) ∼ 10%
q2 > (MB −MD)
2 ∼ 20%
MX < MD ∼ 80%
tional to the distribution function. These spec-
tra are most sensitive to the shape of the distri-
bution function. Measurements of these spectra
may thus provide the most stringent constraint on
the distribution function. Moreover, other non-
perturbative QCD methods, such as lattice QCD,
may help to determine the shape of the distribu-
tion function, too.
Including the uncertainties from the input pa-
rameters and the shape of the distribution func-
tion, the calculations in the LC approach yield
[2,16]
γc = 49± 9 ps
−1, γu = 76± 16 ps
−1.
These results allow reliable determinations of
|Vcb| and |Vub| without the assumption of quark-
hadron duality. The accuracies could be further
improved, as discussed above.
A particular problem exists in the |Vub| deter-
mination, namely a very large B → Xclν back-
ground. Various kinematic cuts can be used to
suppress the background. The fractions of events
with the different cuts are listed in Table 1.
Imposing kinematic cuts causes additional the-
oretical uncertainties, since the extrapolation in
phase space to obtain the desired observable in-
volves theory. The hadronic invariant mass (MX)
cut is most efficient. It retains a vast majority of
phase space, so that only a small extrapolation
to the entire phase space is needed. The other
kinematic cuts are less efficient and would cause
larger theoretical uncertainties because of a con-
siderable dependence on dynamic subtlety.
44. A NEW METHOD FOR THE PRE-
CISE DETERMINATION OF |Vub|
In the light-cone limit, y2 → 0, the b-quark
number conservation leads to the sum rule [19,20]
S ≡
∫ 1
0
dξu
1
ξ5u
dΓ
dξu
= |Vub|
2G
2
FM
5
B
192π3
(12)
for the charmless inclusive semileptonic decay
B → Xulν. The sum rule establishes a theoreti-
cally clean relationship between the observable S
and |Vub|. The sum rule has the following advan-
tages: (1) it is model-independent (in particular,
independent of the distribution function), (2) it
has no reliance on quark-hadron duality, (3) no
free parameters (such as mb) except for |Vub| en-
ter the sum rule, and (4) it receives no pertur-
bative QCD corrections. Therefore, by using the
sum rule, a more reliable and precise value of |Vub|
can be determined than by using the conventional
method.
Of course, to obtain the theory-motivated ob-
servable S in B → Xulν one must deal with
the large B → Xclν background. The strat-
egy appears to be: (1) apply the kinematic cut
MX < MD (or other realistic cuts), (2) measure
the weighted spectrum ξ−5u dΓ/dξu, (3) extrapo-
late it to entire phase space to obtain the integral
S, and (4) determine |Vub| from the observable S
by using the theoretically clean relationship (the
sum rule) between them.
This method for determining |Vub| is analogous
to the determination of |Vcb| from the observable,
dΓ/dw at zero recoil, in the exclusive semileptonic
decay B → D∗lν. Both use a theoretically clean
relationship, which is derived from QCD symme-
tries, between the observable and |Vub| or |Vcb|.
Both require an extrapolation in phase space to
obtain the theory-motivated observable.
There are two sources of theoretical uncertain-
ties in this method for the |Vub| determination,
one from higher twist corrections to the sum rule
and another from the extrapolation to obtain S.
In principle, the light-cone expansion systemati-
cally takes into account higher twist corrections.
The quantitative estimate using the heavy quark
effective theory has shown that the error on |Vub|
from higher twist corrections to the sum rule
amounts to around 1% [21]. The error on |Vub|
due to the shape of the distribution function used
for the extrapolation has been assessed at the 6%
level [20]. With improved knowledge of the shape
of the distribution function, as discussed before,
one could reduce this error.
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